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Introduction

I N recent years there has been an increased interest in nonlin-
ear aeroelasticity. Phenomena such as limit-cycle oscillations

(LCOs) have been observed in � ight testing,1;2 but the cause of the
LCOs is not yet fully understood. Most researchers agree that the
limit cycles are an effect of nonlinearities in the � uid-structure in-
teraction. However, it is not always obvious whether the dominant
nonlinearitiesare causedby structuralnonlinearitiesor aerodynamic
nonlinearities.

Methods for analysis of LCOs have been developed by, for ex-
ample, Patil et al.3 and Tang et al.4 with some success. The former
models the wing using beam theory and the latter a method based
on the von Kármán plate equations. The structural dynamic anal-
ysis can be improved using nonlinear shell � nite elements for the
wing. This is a well-established model5;6 for structural dynamics
analysis but has not yet been used much for analysis of nonlinear
aeroelasticity.

The long term goal of the author’s research is to investigateLCOs
for a cantilever wing con� guration using nonlinear shell � nite ele-
mentscombinedwith aerodynamicforcesbasedona linearunsteady
potential � ow model. However, there are not many test cases avail-
able in the open literature where experimental results are presented,
making it possible to investigate the accuracy of the computational
method. Because of this, experiments have been performed in the
present study in order to investigate the accuracy of the structural
dynamics model. In this Note a well-de� ned reference case is pre-
sented together with a brief description of the nonlinear analysis
method used. The geometry, material properties, experimental re-
sults as well as computational results are given in order to make it
possibleto use thedataas a referencecase whendevelopingmethods
for analysis of nonlinear structural dynamics.

Governing Equations
The equations of motion for a shell structure modeled with � nite

elements7 are given by

M Ra C Fint.a/ D Fext.t; a/ (1)

where M is the linear mass matrix, Fint is a vector of internal forces,
Fext is a vectorof externalforces, and a D a.t/ is the time-dependent
nodal displacementvector. The implicit Newmark average acceler-
ation time-steppingalgorithm7 was chosen to solve Eq. (1) numeri-
cally. In each time step a Newton iteration has to be performed, and
therefore, in addition to the internal forces, the tangential stiffness
matrix of the structure has to be recomputed.

The shell element used here is similar to that developed by
Parisch8 and is based on a nonlinear displacement approach ac-
cording to

u D um C 1
2
t³ [ sin’ Oe1 Ccos ’ sin µ Oe2 C.cos ’ cos µ 1/Oe3] (2)

where um is the deformation of the midsurface and Oe1 and Oe2 are
orthogonal unit vectors de� ned in the null space of the shell nor-
mal vector Oe3 . The normal of the element is assumed to undergo
two consecutive rotations ’ and µ . This formulation is exact for
arbitrary translations and rotations of double curved shells in three
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dimensions. For small strains it is possible to use a linear stress-
strain relationship in the formulation of the internal forces, which
becomes, using index notation,

Fint;k D
Z

ve

@"i

@ak
Di j " j dv (3)

assuming summation over i and j , where "i is the engineeringform
of the Green Lagrange strains, Di j is the matrix of elasticity. The
tangential stiffness matrix is given by

K t;kl D
Z

ve

@2"i

@ak @al
Di j " j dv C

Z

ve

@"i

@ak
Di j

@" j

@al
dv (4)

again with summation over i and j .

Derivation of String Loads
Assume that a string at one end is attached at an arbitrary point

ua on the structure and that the other end of the string is attached to
a � xed point u f in space. A load is applied to the string so that the
resulting force vector becomes

Fs D Fs
u f ua

jju f ua jj2

(5)

where Fs is the magnitude of the load. The vector de� ning the point
on the structure can be separated as

ua D u0 C um (6)

where u0 is the coordinate of the point when the structure is unde-
formed. If u0 is the coordinateof a node in the � nite element mesh,
then um D ak . Applying a point load to a � nite element structure is
not formally correct because it will yield a in� nite stress and energy
at the point of application.The derivationspresented here resemble
an approximation of the distributed pressure over the string cross
area.

Experimental Setup and Procedure
The structure investigated is a rectangular, thin plate, as shown

in Fig. 1. The plate is made of glass � ber-reinforced epoxy com-
posite with different material characteristics in different directions.
Material properties were obtained using acoustic vibration tests on
specimens as described in Ref. 9.

The geometric and material properties of the plate are given in
Table 1. The plate is clamped between two metal blocks joined with
two screws and hangs vertically from the ceiling so that the gravity
acceleration vector points along the y axis. The deformations are
measuredusinga three-dimensionalopticalmotioncapturesystem10

with an absolute error less than 0.05 mm. Half spherical markers
are used in order for the cameras to be able to track the markers
even for very large deformations. One marker was positioned on
the clamping device to investigate the boundary conditions. The
results showed no deformationof the clamping device and thus that

Fig. 1 Schematic layout of the experimental setup.

Table 1 Geometric and material properties

Property Value Unit

Semispan 1.200 m
Chord 0.150 m
Thickness 2.960 mm
E11 25.5 GPa
E22 23.5 GPa
E12 3.5 GPa
E21 3.5 GPa
G12 5.9 GPa
G21 3.6 GPa
G31 4.3 GPa
½ 1939.0 kg/m3

Fig. 2 Static displacement at marker.

a clamped boundarycondition in the mathematicalmodel should be
a good approximation.

In the staticmeasurementsoneend of a thin light string is attached
to the plate. The string lies over a low friction wheel with a weight
attached to the other end. The wheel is allowed to rotate in the x –z
plane to dispose side-force effects. A series of measurements for
different weights are performed so that displacement as a function
of weight can be obtained. For each weight the coordinates of the
markers are logged for 5 s using a sampling rate of 240 Hz. The
deformations are taken as the mean value of the samples.

In the dynamic measurements the plate was deformed using a
weight in the same manner as in the static measurements.Two elec-
trodes were attached to the string close to the plate. A high-voltage
current was applied to the electrodes causing the string to burn off
almost instantly,minimizing the disturbancescaused by the release
mechanism.The transientmotionwas capturedfor 15 s at a sampling
rate of 240 Hz.

Results
In this section numerical and experimental results are compared

and discussed. In the con� guration of investigation, the string is at-
tached in the coordinate.x y z/ D .0:075 1:20 0:00/ and with the
wheel located in .x y z/ D . 0:22 0:68 0:87/, where all values
are in meters.

The numerical results were compared to those obtained by
Ref. 11, where a cantilever beam is subjected to a suddenly ap-
plied pressure load and showed a difference of less then 1% in the
maximum amplitude. However, this load case is very hard to model
experimentally, and therefore a point load was applied instead.

In Fig. 2 the displacement of the plate at the marker is displayed
as a function of the load magnitude Fs . The displacement vector is
presentedasu D .u v w/. Excellentagreement is obtainedbetween
the nonlinear solution and the experimental results.

When comparingexperimentaland numerical dynamic results, it
is important to considerthat the equationof motion (1) does not take
damping into account. As a consequence of this, the system does
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Fig. 3 Time history deformation at marker.

not exhibit any loss of energy, and the maximum amplitude of the
oscillations does not decrease in time. Furthermore, a system that
exhibits damping tends to have a lower frequency than the corre-
sponding undamped system. The experiments presented here were
not performed in vacuumbut in air, and becauseof this both aerody-
namic and structural damping will contribute to the total damping
of the system.However, which one of these that is the dominantpart
is yet to be investigated.

The initial displacementsfor the dynamic analysiswere obtained
from the static solution correspondingto Fs D 10 N and coordinates
just given. The initial velocitieswere set to zero. In Fig. 3 numerical
results are presented together with experimental.

It is seen that the major characteristicsof the oscillationsare cap-
tured even though no damping is present in the model. However, the
differencebetween the results agree well with the precedingdiscus-
sion regardingdampedvs undampedsystems.The computedresults
show no loss in amplitude and have a slightly higher frequencythan
the experimental.

Conclusions
Experimentalresults of a beamlike plate have been compared to a

nonlinear � nite element model. Predicted and experimental results
for large displacementsand rotations in space caused by static loads
show excellentagreement.Furthermore, time history dynamic anal-
ysis of the moving structurewas performedand showed rather good
results compared to experimental results even though no damping

was present in the model. The three-dimensionalnonlinearformula-
tion makes it possible to perform simulation of the transient motion
of a structure for arbitrary initial displacements.However, to obtain
good agreement for a longer period of time, it is probablynecessary
to incorporate some type of damping mechanisms in the modeling.

The results of the experiments performed further con� rm the use
of the optical motion capture system in tracking complex high-
frequency motions of simple structures, even for very large dis-
placements.
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